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BLOW-UP PHENOMENA FOR THE YAMABE EQUATION 

SIMON BRENDLE 



Abstract. Let (M, g) be compact Riemannian manifold of dimension 
n > 3. A well-known conjecture states that the set of constant scalar 
curvature metrics in the conformal class of g is compact unless (M, g) is 
conformally equivalent to the round sphere. In this paper, we construct 
counterexamples to this conjecture in dimensions n > 52. 



1. Introduction 

, Let (M, g) be a compact Riemannian manifold of dimension n > 3. The 

I Yamabe problem is concerned with finding metrics of constant scalar curva- 

■ ture in the conformal class of g. This problem can be reduced to a semi-linear 

4 

elliptic PDE. Indeed, the metric ti"-2 g has constant scalar curvature c if 
and only if 

^ ! , ^ 4(n - 1) , n + 2 

(1) .±—-lAgU-RgU + cu—=0, 

^ ' where is the Laplace operator with respect to g and Rg denotes the 

. scalar curvature of g. Clearly, every solution of ([T]) is a critical point of the 

\ functional 

O ; r. ^ (Mn^ \du\l + R, n2) dvoL 

0^ . (2) Egiu) = ^ 'J^ '-^ 

O ■ (/Af^-^ dvolg) " 

It is well-known that the PDE ([1]) has at least one positive solution for any 
^ ' choice of {M,g). If n > 6 and {M,g) is not locally conformally flat, this 

^ . follows from results of T. Aubin [3j. The remaining cases were solved by 

R. Schoen using the positive mass theorem [16j . 

Solutions to (dl) are not usually unique. As an example, consider the 
product metric on S^{L) x If L is sufficiently small, then the 

Yamabe PDE has a unique solution. On the other hand, there are many non- 
minimizing solutions if L is large. D. Pollack [T3] has used gluing techniques 
to construct high energy solutions on more general background manifolds: 
given any conformal class with positive Yamabe constant and any positive 
integer A^, there exists a new conformal class which is close to the original 
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one in the C -norm, and contains at least N metrics of constant scalar 
curvature (see |14j . Theorem 0.1). 

It is an interesting question whether the set of all solutions to the Yam- 
abe PDE is compact (in the C'^-topology, say). A well-known conjecture 
states that this should be true unless {M,g) is conformally equivalent to 
the round sphere (see [E] , [18] , [H] ) . This conjecture has been verified in low 
dimensions and in the locally conformally flat case: if (M, g) is locally confor- 
mally flat, compactness follows from work of R. Schoen [17], [H]. Moreover, 
Schoen proposed a strategy for proving the conjecture in the non-locally 
conformally flat case based on the Pohozaev identity. In [12], Y.Y. Li and 
M. Zhu [12j followed this strategy to prove compactness in dimension 3. 
O. Druet [3 proved the conjecture in dimensions 4 and 5. Recently, F. Mar- 
ques [13| showed that compactness holds up to dimension 7. The same 
result was obtained independently by Y.Y. Li and L. Zhang [11]. Moreover, 
Li and Zhang showed that compactness holds in all dimensions provided 
that \Wg{p)\ + \VWg{p)\ > for all p G M. M. Khuri, F. Marques, and 
R. Schoen [10] proved compactness up to dimension 24, assuming that the 
positive mass theorem holdsQ 

In this paper, we address the opposite question: is it possible to construct 
Riemannian manifolds {M,g) such that the set of constant scalar curva- 
ture metrics in the conformal class of g is non-compact? So far, the only 
known examples where compactness fails involve non-smooth background 
metrics. The first result in this direction was established by A. Ambrosetti 
and A. Malchiodi [2]. This result was subsequently improved by M. Berti 
and A. Malchiodi [6]. Given positive integers n and k such that k > 2 and 
n > 4:k + 3, Berti and Malchiodi showed that there exists a Riemannian 
metric g on S"" (of class C^) for which the set of solutions to the Yamabe 
PDE ([T|) fails to be compact (see |6j. Theorem 1.1). A survey of these re- 
sults can be found in [1]. Recently, O. Druet and E. Hebey [8] showed that 

n + 2 

blow-up can occur for problems of the form Lu + cu"-'^ = 0, where L is a 
lower order perturbation of the conformal Laplacian on 5". 

We improve the results of Berti and Malchiodi by showing that the set 
of solutions to the Yamabe PDE ([1]) can fail to be compact even if the 
background metric g is C°° smooth. In the examples we construct, the 
blowing-up sequence develops a singularity consisting of exactly one bubble. 

Theorem. Assume that n > 52. Then there exists a Riemannian metric 
g on (of class C°°) and a sequence of positive functions Vy G C°°(5'") 

(V G with the following properties: 

(i) g is not conformally flat 

(ii) Vy is a solution of the Yamabe PDE ^\) for a// G N 

(iii) Eg{vy) < y(5") for all u£N, and Eg{vy) y(5") as v ^ oo 

(iv) supgn Vy ^ CO as u ^ CO 



T. Aubin has recently claimed a general compactness theorem in all dimensions [Ij,!!]. 
We have, however, been unable to verify some of the arguments in [4]. 
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(Here, Y(S"') denotes the Yamabe energy of the round metric on .) 

Let us sketch the main steps involved in the proof of Theorem [TJ For 
convenience, we will work on instead of S*". Let 5 be a smooth metric on 
M" which agrees with the Euclidean metric outside a ball of radius 1. We 
will assume throughout the paper that (ietg{x) = 1 for all x G M", so that 
the volume form associated with g agrees with the Euclidean volume form. 

Our goal is to construct solutions to the Yamabe PDE on (M",*^). In 
Section 2, we show that this problem can be reduced to finding critical 
points of a certain function Tg{£,,£), where ^ is a vector in and e is a 
positive real number. This idea has been used by many authors (see, e.g., [2] 
or [6]). In Section 3, we show that the function J~g{£,, e) can be approximated 
by an auxiliary function F{^,e). In Section 4, we prove that the function 
F{^, e) has a critical point, which is a strict local minimum. Finally, in 
Section 5, we use a perturbation argument to construct critical points of the 
function Tg{S,,£). From this the main result follows. 

It is a pleasure to thank Professor Richard Schoen and Professor Fer- 
nando Marques for numerous discussions on this subject. This project was 
supported by the Alfred P. Sloan Foundation and by the National Science 
Foundation under grant DMS-0605223. 



2. Lyapunov-Schmidt reduction 

Let 

£ = \we L^{W) n wl^^iW) : [ jdwp < 00 j. 

By Sobolev's inequality, there exists a constant K, depending only on n, 
such that 



n-2 
2n \ " 



\w\n-2 < K \dw\ 
J Jr" 

for all w G £. We define a norm on £ by = f^n \d'w\'^. It is easy to see 

that £, equipped with this norm, is complete. 

Given any pair (^, e) € M"" x (0, cxd), we define a function ^-j : M" R 

by 



n-2 
2 



+ \x- 

The function U[^^£) satisfies the elliptic PDE 

n-l-2 

Au(^,,) + n(n - 2) u;^^'^^ = 0. 

It is well known that 



n (?'^) V4n(n-1) 
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for all (^,e) € M" x (0,oo). We next define 



n+2 2 
2 £ 



ix-ei' 



and 



+ |a; - 



n+2 



2£ (a^fc - 6) 
+ \x - 



for A; = 1, . . . , n. It is easy to see that the norm W^p^^^^e^k) 11^-2"^^^^^^ is constant 
in ^ and e. Finally, we define a closed subspace £[^^e) C f by 

%,£) = i^e^:/ V(^,£,fe) 'i^ = for fe = 0, 1, 
Clearly, G 

Proposition 1. Consider a Riemannian metric on M" of the form g{x) = 

exp(h{x)) , where h{x) is a trace-free symmetric two-tensor on satisfying 
+ \dh{x)\ + \d^h{x)\ <a<l for allxe M.'^ and h{x) = for \x\ > 1. 
There exists a constant C , depending only on n, such that 



n 



n+2 
n — 2 



for all pairs {$,, e) G M" x (0, oo). 



2n < C a 



Proof. Using the pointwise estimate 

n-2 



A 



4(n - 1) 



Rg U(^,e) + '^('^ — 2) 



n.+2 
n-2 



we obtain 



n 



n+2 
. n-2 



2n 



<C\\h\\L^(^n) +C||a/i||in(Kn) ||l2(M") 

+ (Kn) + l|5/.||in(Kn)) 1 1 1 1 ^ ^ 

< Ca. 

This proves the assertion. 



Proposition 2. There exists a positive constant 9, depending only on n, 
such that 

for all w e %,£)• 
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Proposition [2] follows from an analysis of the eigenvalues of the Laplace 
operator on 5"". The details can be found in [15j . 



Corollary 3. Consider a Riemannian metric on of the form g{x) = 
exp(/i(rc)), where h{x) is a trace-free symmetric two-tensor on M" satisfying 
h{x) = for \x\ > 1. There exists a positive constant oq < 1, depending 
only on n, with the following property: if \h{x)\ + |3/i(x)| + \d'^h{x)\ < oq 
for all X £ M", then we have 



n~2 

iwl"^ I < 2K 



\dw\g 



n-2 
4(n- i; 



R„ w' 



for all w £ £ and 



n — 2 4 



4(n-l) 



1 



n-2 



n + 2 
n — 2 



> \\w\\, --^[J^^ [\Hi,e) - 4^;^ Rg u^^,e) + n{n + 2) ul^'^^ 

for all w G (5,e) • 

Proof. Using Proposition [T] and Holder's inequality, we obtain 

n-2 



n + 2 
n-2 



> in 
This implies 



n + 2 



n-2 



n+2 
, n-2 



^9^ii,e) - ^^—[^ ^9 ni,e) + n{n + 2) I w 



> 16n^ 



n + 2 



32 II ||2 



if ao is sufficiently small. Hence, the assertion follows from Proposition [2j 



Proposition 4. Consider a Riemannian metric on M" of the form g{x) = 
exp(/i(x)), where h{x) is a trace-free symmetric two-tensor on M" satisfying 
\h{x)\ + \dh{x)\ + \d'^h{x)\ < oq for all x E M" and h{x) = /or |x| > 1. 

2n 

Given any pair (^,e) € x (0, oo) and any function f G L"+2(]R"), t/iere 
exists a unique function w G £{^,e) such that 

[ ({dw, d7p)g + — \- RgW^-n{n + 2) n"-|. wA=f f ip 
Jr" ^ ^[n — -Lj ' / J^n 

for all test functions ip G '^(5,e)- Moreover, we have \\w\\s < C||/||^^rj^^^ y 

where C is a constant that depends only on n. 
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Proof. Suppose that w € £((^e) 



4 



fi — 2 

{dw, d'ip)g + _ RgWTp -n{n + 2) u"^'^-^ wi{jj = j f 



for all test functions £ £{^,e)- This implies 



and 



f / n — 2 11+2 \ /• 

Using Corollary [3l we obtain 

Ml < {\dMl + i?, - n{n + 2) uf;^ 

iff/ n — 2 ii±l\ \ ^ 



n+2 n-2 

2n \ 2n / /" 2n \ 2n 

< ( / [/[n + 2 ) / |u;["-2 

n-2 ^ ^ n+2 



2n 



2n \ " 



<i^5 11/11 2„ |[^^|[^+ 



1 / y(5" 



n-2 
2 ll^l|2 



Hence, it follows from Young's inequality that 



n-2 



^1 ||2/^||f||2 ^^f^(^\ 2 ||f||2 

2 "^"^ - 2^ + ^ Un(n-l)J "^"l^(R")- 



From this the uniqueness statement follows easily. 

In order to prove the existence part, it suffices to minimize the functional 

\dw\l + -^^^ Rg - n{n + 2) - 2fw 

Iff/ n — 2 \ ^ ^ 

over all functions w G f(5,e)- 



Proposition 5. Consider a Riemannian metric on M" o/ the form g{x) = 
exp(/i(x)), where h{x) is a trace-free symmetric two-tensor on satisfying 
h{x) = for \x\ > 1. Moreover, let (C,e) G M" x (0,oo). There exists a 
positive constant ai < qq, depending only on n, with the following property: 
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if \h{x)\ + \dh{x)\ + \d'^h{x)\ < ai for all x G M", then there exists a function 
V(^^s) £ £ such that — ^^(g.e) ^ '^(C,e) ^'^^ 



n 



( {dv(^,e) ,dij)g + — Rg -0 - n(n - 2) \v(^^^) \ "-2 v^^^^) ip 

for all test functions G ^{£_,£) ■ Moreover, we have the estimate 







< c 



A 



2n , 



where C is a constant that depends only on n. 



Proof. Let G 



2n 



be the solution operator con- 



structed in Proposition SI We define a nonlinear mapping $ 
( n — 2 



n+2 
n-2 



4(n - 1) 

+ n(n - 2) + + w) - u^-J.^ 



n - 2 '^K'-) 

It follows from Proposition [T] that ||'l'(g,£)(0)i|£: < C ai. Using the pointwise 
estimate 

4 4 



n + 2 



n 



< C {\w\ "-2 + |tt;| "-2 )\w — w\ 

we obtain 



< c 



\U{^,6) + ^^1 "-"^ {U{i,e) +W)- l'U(^^j) + U)| "-2 + U)) 



4 

n — 2 



L "-2 



2n 



I) L7I^(IR") 

for all functions w,w £ This implies 



||<^(5,,)H - ^i^,,){w)\\e <Ci\\w\\-' + \\w\ 

for w,w (z <?(5,e)- Hence, if ai is sufficiently small, then the contraction 
mapping principle implies that the mapping ^(^,e) has a unique fixed point. 
From this the assertion follows easily. 
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We next define a function JT^ : M" x (0, oo) ^ R by 

If we choose ai small enough, then we obtain the following result: 

Proposition 6. The function Tg is continuously dijferentiable. Moreover, 
if is a critical point of the function Tg, then the function is a 

non-negative weak solution of the equation 

n — 2 "+2 
^9^m - 4(^_i) ^9 ^e) + n(.n - 2) v"^-^^ = 0. 

Proof. By definition of U(^,£), we can find real numbers afc(^,e), k = 
0,1, ... ,n, such that 

f / n — 2 4 \ 

for all test functions ip ^ £. This implies 



d_ 



" f d 



and 



5 " /" 9 



A;=0 

for _7 = 1, . . . , n. On the other hand, we have 



since - G This implies 



+ 



n-2 ( y(5") 



Unfn-l)J ' '^"^ 



2(n + 1) V4n(n - 1) 
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n-2 ( Y{S 



2 -1 e 



2(n + l) V4n(n- 1) 
for _7 = 1, . . . , n. Putting these facts together, we obtain 

and 

for J = 1, . . . , n. Hence, if (^, e) is a critical point of J^g, then we have 

n n 
k=0 k=0 

where C is a constant that depends only on n. On the other hand, we have 
ll'^(f,£) ~ '"(f,£) ll^^iJ^ — C ai- Hence, if we choose ai sufficiently small, 

then we must have afc(^, e) = for = 0, 1, . . . , n. Thus, we conclude that 
f / — 2 4 \ 

for all test functions & £. It remains to show that the function is 
non-negative. To that end, we put ip = mm{v(^^g^,0}. Since '^(f^e) G we 
conclude that ijj e £. This implies 

i„-,„<o, 4^ 

f 2n 

= n(n-2) / 
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Moreover, we have 

f 



n-2 
2n ^ " 



< 2K 



( 2 n — 2 2 ^ 

by Corollary [3l From this we deduce that either ^'(g^j) > almost every- 
where, or 

, 2 

2n \ n 1 

<o}' y - 2n{n-2)K 



On the other hand, we have 

2n \ ' 

Hence, if ai is sufficiently small, then we have 'V(^e) > almost everywhere. 



n — 2 n-2 
2n \ 2n / /" 2n \ 2n 

< / <Cai. 



3. An estimate for the energy of a "bubble" 

Throughout this paper, we fix a multi- linear form W : M" x M" x M" x M" — > 
M. We assume that Wijki satisfy all the algebraic properties of the Weyl 
tensor. Moreover, we assume that some components of W are non-zero, so 
that 

n 

(Wijki + Wiikjf >0. 

i,j,k,l=l 

For abbreviation, we put 

n 

Hik (x) = ^ ^ ^^ipkq Xp Xq 
p,q=l 

and 

Hik{x) = (1 - 

It is easy to see that Hik{x) is trace- free, XlILi Hik{x) = 0, and X]r=i 9iHik{x) = 
for all x G M". 



We consider a Riemannian metric of the form g{x) = exp(h{x)), where 
h{x) is a trace-free symmetric two-tensor on M" satisfying h{x) = for 
\x\ > 1, 

\h{x)\ + \dh{x)\ + \d^h{x)\ < ai 

for all x € R", and 

hikix) = - Hik{x) 
for \x\ < p. We assume that the parameters A, /U, and p are chosen such that 
/i < 1 and A < /? < 1. Note that ^^1=1 hik{x) = and J27=i 9ihik{x) = 
for |x| < p. 
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Given any pair e) € M" x (0, oo), there exists a unique function f(g,e) 

such that V(^,e) — 1i(5,e) £ ^{^,e) 



n-2 



n \ 7t i ) / 

for all test functions E £(^^e) (see Proposition [5|). For abbreviation, let 
17 = <^ GM" xR: lei < 1, 



3(n + 4) 



2 2(n 



3(n + 4) 



Proposition 7. For ewery pair (C,e) G A^i, we /ia?;e 

n-2 



4(n-l) 
< CAV + C'f- 



n + 2 

Rg M(g,^) + n(n - 2) n^^^yl^ 



2n 



A\ 2 



and 



n-2 



+2 
-2 



4(n - 1) 

n 



i,A;=l 
\8 ,,2 



2n 



A\ 2 



<caV' + c - 

Proof. For abbreviation, we define two functions Ai and A2 by 

n-2 



^1 = 



4(n - 1) 



n + 2 
n-2 



Rg n(g,,) + n(n - 2) 



and 



i,k=l 

Using Proposition [26l and the identity Yll=i^i^ik{x) = 0, we obtain 

\Rg{x)\ < C \h{x)\^ \d'^h{x)\ + C \dh{x)\^ <C^^{X + \x\f 
for |x| < p. This implies 



i,fc=l 

n-2 



n — z 

< CA~ /i(A + Ix 



\4— n 
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1^1 + ^2| = I [{g''' - 6ik + hik) dku^^^^e)] 



:,k=i 



n — 2 



for \x\ < p. Hence, we obtain 

n+2 

n-2 / f 2n(n-4) \ 2n 

\\A^\\^ <C\—f,( / (A + lxl)-^^ <CAV 

L^{Bp{0)) \J^„ ) 

and 

n-2 o / /■ 2n(ra-8) \ 2n 

+ 2^ <CA— / (A+|x|)-^^ <CAV'. 

On the other hand, we have 

\Axix)\ < CX^ 

for p <\x\ <1 and 

\A2{x)\ < CA'^/ilxl^-" 
for \x\ > p. Since the function Ai{x) vanishes for |x| > 1, we conclude that 



Pill 2„ <CX^ 



|a;| "+2 < C 



and 

n+2 

n-2 / f 2n(n-4) \ 2n , /A\^ 

P2I1 2n <cx^p[ / ixr^+^ <cpV(-) 

Putting these facts together, the assertion follows. 



Corollary 8. The function v^^^^^ — U(^^^^) satisfies the estimate 

/ A\ — 

\hi,e) - Uii,e) 11^^ (K„) < C AV + C (-^ 
for {^,£)GXn. 

Proof. It follows from Proposition [5] that 

ll'^Cf el ~ '^(f e) II 



< C7 



A 



n-2 



n+2 
n-2 



2n , 



where C is a constant that depends only on n. Hence, the assertion follows 
from Proposition [71 
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We now prove a more refined estimate for the difference W(5,e) — 
Using Proposition H] with /i = 0, we conclude that there exists a unique 
function € £{^,e) such that 



4 

, d^;) - n{n + 2) u^"^"'^ it;(5_£) ^ 



(3) 



for all test functions ^ E "^(^.e)- 

Proposition 9. The function W(^^^^-j is smooth. Moreover, if {(,,£) G Ari, 
then we have 



w 



n — z 

(^,s){x)\ <C\— fi{X + 



X 



\6—n 



\dW(^^,e){x)\<CX'^fi{\+\x\f-^ 

\d''w^^^e)ix)\<C\^ t^iX + \x\)*-^ 



for all X £ 



Proof. Let '■P(^^^s,k) be the functions defined in Section 2. We can find 
real numbers e), /c = 0, 1, . . . , n, such that 

{dw(^^^^),dil)) - n{n + 2) n"^"'^ W(^^^^) ip^ 

„ n n „ 



fe=0 



for all test functions ij) & £. It follows from standard elliptic regularity 
theory that u'(g^j) is smooth. 

In the next step, we establish quantitative estimates for W(^^^^y To that 
end, we consider a pair (^,e) € Af]. A straightforward calculation yields 



(4) 



^ ^ (A^ - Hik{x) didkUi^^^e) 

i,k=l 



<caV- 



From this we deduce that \\vo 
C X"^ fi. This implies 



<CAVand ELol&-fc(e>^)l < 



A 



i,fc=l 

< CA— Ai(A+ 



fc=0 
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for all X € M". We claim that 



sup(A+|x|) 2 \w^^^^-j{x)\ < C X fi. 



To show this, we fix a point xq G M" and put r = | (A + |xo|). Clearly, 
A + |x| > r for all x G Br{xQ). This implies 

U{ii,s){x)^ < Cr-^ 

and 

I Aw(^^^,) + n(n + 2) n^J | < C A^^ r^"'^ 
for all X G Brixo). Using standard interior estimates, we obtain 

n — 2 



4 

_l_ 9^ o, ,„,^ ^ II 



n + 2 II II 

+ Cr 2 ||Au;(5,,) +n(n + 2) n("^^^)U;(5,,) 11^^ 



<CAV + CA^/xr-^ 



< C7 AV- 
Thus, we conclude that 



sup(A+|x|) 2 \w(^^^^-){x)\ < C X'^ n, 



as claimed. Since sup^-g^n 2 (x) | < 00, we can express the function 

tt;(g in the form 



(5) w^^^,){x) = - ^^_2]\s^-i\ 1^ - 

for all X G M". 

We can now use a bootstrap argument to prove the desired estimate for 
j). It follows from ^ that 

sup (A + \x\f |w;(^,,)(x)| < C sup (A + \x\f+^ |Aw;(^,.)(x)| 
for all < /5 < n — 2. Since 

4 

|A'«^(C,£)(a;)l < + 2)u(^^^)(x)"-2 |w(^,e)(x)| 
+ CA'^/i(A + |x|)^-" 
for all X G M", we conclude that 

sup (A + Ixl)'^ \w(i,e)(.x)\ <CX^ sup (A + |x|)^"^ \w[^,s){x)\ 

o n-10 

+ CA'^ — — 

for all < /5 < n — 6. Iterating this inequality, we obtain 

sup (A+ |x|)"-6 \w{i,e){x)\ <CX'^ fi. 
a;GR" 
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The estimates for the first and second derivatives of (j,^) foUow now from 
standard interior estimates. 



Corollary 10. The function f (g^^) — ^^(g,^) — "^(^.e) satisfies the estimate 



n-2 



4(n + 2) n+2 ^ / A \ 2 



for {^,£)exn. 

Proof. Consider the functions 

i,k=l ^ ' 

and 

n 

i,k=l 

Using (l3|), we obtain 

■ / n — 2 ^- 

= - / (Si + B2) ^ 

for all functions ip G ^'(g g). Since ^'(g g) G follows that 

Moreover, we have 

- = ^ii,e) {B3 + n(n - 2) B4) , 

where 

n — 2 "+2 
= Agn(5,,) - ^^—^ R9 Ui^,e) + n{n - 2) 

and 

4 11+2 n + 2 ^— 

Thus, we conclude that 

~ ~ = (^1 + -B2 + -B3 + n(n - 2) , 

2n 

where G(^^e) '■ — > "^(^je) denotes the solution operator constructed 
in Proposition m In particular, we have 

- Hi.e) - < C \\B^ + B2 + BS + n{n - 2) B^^^^^^^ 

by Proposition SI Using Proposition [9l we obtain 

\Biix)\ <C7A'^m^ (A + |x|)^-'^ 
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for \x\ < p and 



\Bi{x)\ < CX— fi\x 



4— n 



for p < |xj < 1. Since the function Bi{x) vanishes for |x| > 1, we conclude 
that 

n-2 



\Bl\\ 2n < C fl'^ +C p(- 



Moreover, we have 







11^2 + Ball ^ <CX''p^ + C'^^ ' 



P' 

by Proposition [71 Finally, the function satisfies a pointwise estimate of 
the form 



n+2 



where C is a constant that depends only on n. Hence, it follows from 
Corollary [8] that 



I-B4II 2n < C \ \V(t: _^ — Ute f.\ II " 2^r7 

4(n + 2) n + 2 „ / A 



< CA "-2' //"-2 + C (^-^ 



n+2 
2 



Putting these facts together, we obtain 



11^^ (Ign) 

as claimed. 



4(n + 2) n + 2 /A\ 2 

< cx-^^ p^ + cyy 



Proposition 11. We have 

|2 



n - 2 



nl 



I^^^^«,.)l9 - \du^id9 + 4(^_l) ^9 - ^(Ce)) 

4 ^ 

(n - 2) (|t;(^,,) I n-2 - p n(5,,) ^7(5,,) 

2n 2n 

(n-2)(|t^(5,,)|— -^/("^-P 

i,k=l 



8n 2n . /A 

< CA~ /i~ + CA^/^ 



n-2 
2 



An n-2 



/or (e,e) E Al^. 
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Proof. Using Proposition [5] with ■0 = ■^(^.e) ~ ■'^(5,e)! '^^ obtain 



n-2 



^9 - 



' 4(n-l) 

n(n - 2) u^-^^^ - 



n+2 
. n-2 



„ n 



< 



n — 2 



n+2 
n-2 



i,fc=l 



2n 



Finally, we have 

„ n 



i,/c=l 

n-2 

v4 



< CA~ n~ +CX^f^ 
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4(n - 1) 

4 

n(n - 2) |w(5,e)h-2 (I'lC.e) - = 0. 

Moreover, it follows from Proposition [7] and Corollary [8] that 



by ([1]) and Corollary [TOl Putting these facts together, the assertion follows. 



Proposition 12. We have 



^i^,e) I - U"f^s)) H^,e) Vi^,e) " ^ / I ""^ " ^^f^^,') ) 



2n 
, n — 2 



'IT' JR" 



8n 2n / A \ 

< CA"-2 Un-2 + C 



/or i^,e)eXn. 
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Proof. We have the pointwise estimate 



4 



2n 
n-2 ' 



where C is a constant that depends only on n. This imphes 



n-2 — u 



2n 
n-2 ^ 



2n 

<C\\v(^,e) - U(^,e)\\"~L 

< cx— fi— + ci^-^ 



by CoroharylSl 



Proposition 13. We have 

/or a// (^,e) € AO. 
Proof. Note that 

1 " 
1=1 

<C\h{x)f < C fi^ {X + \x\)^^ 
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for \x\ < p. This implies 



„ n 



vn-2 ,,3 



<CA"-V^ / (A+ jx|)i^-2" + C7A 



(A+ |x| 



< C A^ + <^ ( - 



A\"-2 



By Proposition [26} the scalar curvature of g satisfies the estimate 

1 " 



i,k,l=l 



< C7/i3(A+ 
for |x| < p. This implies 

<CX'^p' [ (A + |x|)i4-2" + CA"-2 / 



'\Sp(0) 



A\"-2 



< CA^^ p-' + Cp^l- 
■P 



At this point, we use the formula 



n - 2 



Since hik is trace-free, we obtain 

n 



4(n - 


1)^ 


n — 


2 


4(n - 


■1)' 


n - 


- 2 



- 1) .1^1 



E hikdidk{i 



hence 



■ fc=l 



n — 2 

didkhikuf^^^-^ 



n 4(n - 1) 



i,A;=l 
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Since Yll=i 9ihik{x) = for |x| < p, it follows that 



A\"-2 



i,k=l 

Putting these facts together, the assertion follows. 



Corollary 14. The function J^g{S^,e) satisfies the estimate 

n 

^ ' ' " " :,s) 
1=1 

n-2 



f 1 

^ i,k,l=l 

„ n 



<CA^^^^+CAV - +C(- 

\pJ \p 

for (e,e) G Al^. 

Proof. This follows by combining Proposition [TTl Proposition [T2l and 
Proposition [13l 



4. Finding a critical point of an auxiliary function 

We define a function F : R" x (0, oo) ^ M as follows: given any pair 
(^,e) e M" X (0,oo), we define 

/■ 1 " — — 

F{i^^)= o Yl Hii{x)Hki{x)diUi^^^^){x)dkU(^^^^){x) 



i,k,l=l 

n-2 



„ n 



i,fc=l 

where ^(^,e) € '^(g.e) satisfies the relation 



n 



i,fe=l 
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for all test functions ip G £(^,e) ■ goal in this section is to show that the 
function F{^,£) has a critical point. 

Proposition 15. The function F{^,£) satisfies F{^,e) = F{—^,£) for all 
e) G M"x (0, oo). Consequently, we have ^F(0, e) = and q^q^F{0, e) = 
for all e > and p = 1, . . . ,n. 

Proof. This follows immediately from the relation Hik{—x) = Hik{x). 
Proposition 16. We have 



[ J2 mik{.x)f 

2 " 

^ i,k,l=l 
n 

+ -7— E {W,^ki + Wakif5,,r-+^ 

^ ' i,j,k,l=l 



and 



„ n 

2 " 



n+5 

""ipkl "T f ilkp) K^'iqkl "r "ilkqj ' 

i,k,l=l 

+5 



2n(n + 2)(n + 4) ' ' ^ ^ '^"^^ 
Proof. By definition of Hik{x), we have 

n 

^ {dlHik{x)f XpXq 

„ n 

= / {^ijkl + W^afej) (Wj^fei + Wiikm) Xj Xm Xp X. 

2 " 
= . . 1 5"-' I (W^ipfeJ + Wukp) {Wi,ki + Wukq) 

' i,k,l=l 



dBr(0) 



n(n + 2) 
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Moreover, it follows from Corollary 1291 that 



„ n 
•^^^-(0) i,k=l 



„ n 
I / J ^^ijkl ^^imks -^j -^l ■^m Xp Xq 



|5"-i I ^ (Wipki + Wukp) {Wigki + Wukg) • 



n(n + 2)(n + 4) 



i,k,l=l 
n 



+ 



2n(n + 2)(n + 4) 



|5-i| {W^Jkl + Wilkjf6pg■. 



i,j,k,l=l 



This completes the proof. 



Proposition 17. We have 



n It' 



^ i,k,l=l 

\.n+3 _ 2(n + 8) ^„+5 ^ n+16 ^„+7 



n + 4 



n + 4 



1 " 



pq 



_ 2(^ + 6) ^„+5 ^ n+10 ^„+7- 



n + 4 



n + 4 



Proof. Using the identity 



diHik{x) = (1 - diHik{x) - 2 x/ 
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and Euler's theorem, we obtain 
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J2 (diH^kix))' 

i,k,l=l 

n 

= (1 - 1^1')' E idiH.,k{x)f 

i,k,l=l 

n n 

-4(l-|x|2) ^ H,k{x)xidiH,k{x)+4\x\^ Y.^^k{xf 

i,k,l=l i,k=l 
n n 

= (l-|x|2)2 Y.{diH,k{x)f-A{2-^x\^) Y,H^k{xf. 

i,k,l=l i,k=l 

Hence, the assertion follows from the previous proposition. 
Corollary 18. We have 

P n ^ n 

/ y^{diH,u{x)f = -\s^-^\ {Wi,ki+wukj? 

J asm ^^tji^ n . .^^^ 

_ 2{n + 4) ^„+3 ^ n + 8 ^^^^ 



n + 2 



n + 2 



Proposition 19. We have 

(n-2)(n + 4) 



F(0,e) 



16n(n — l)(n + 
rn 



' ij,k,l=l 

(1 +r2)2-" r"+3 dr. 



e^-2e^ + ^e^ 



-n + A n - 10 J JO 

Proof. Note that 2(o,e)(2;) = for all x G M". This implies 

n-2 



F{0,e) 



16(n — 1) 
Using Corollary [T8l we obtain 



i,k,l=l 



i,j,k,l=l 



(1 +r 



2\2-n 



4 n+1 2(n + 4) g _,_3 n + 8 g „+5 



e r 



n + 2 



■ e r + 



n + 2 



■ e r 



dr. 
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Moreover, we have 



n 







(1 + r2)2-" r"+^ dr = - — - / (1 + r^)^-'^ r"+3 dr 



and 

Jo n — 10 Jo 

by Proposition I27[ From this the assertion follows. 

Corollary 20. Assume that n > 52. Moreover, suppose that e^, > is 
defined by 



(6, (3+, 9-f"+5"-,S).;-^'" 



(n + 4)(n-10)y * n + 4 ■ 

Then (0,e*) is a critical point of the function F(S^,e). Moreover, we have 
^F(0,e*)>0. 

In the next step, we show that (0,e,,) is a strict focal minimum of the 
function F. To that end, we compute the Hessian of F at a point (0,e). 

Proposition 21. The second order partial derivatives of the function e) 
are given by 

& 



n 10 

''^ i,k,l=l 

■^K" ^^"^ ~ ^> i,k,i=i 



Proof. Using the identity 
n 

E Hii{x) Hki{x) diU(^^^^){x) <9feU(^,e)(a 



i,k,l=l 



i,k,l=l 
n 

(n-2)2£"-2(e2 + |^_^|2)-n ^ H^l[x)Hu{x)^^^k, 



i,k,l=l 
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we obtain 



n 

= {n- 2f £"-2 + Y,Hpi{x)H,i{ 



1=1 



Moreover, we have 

^2 / n - 2 



i,k,l=\ 

^ ' i,k,l=l 

Finally, we have 

n 

E Hik{x)didkU(^^^^){2 

2) e"^ + |a; - eP)-"^ E - 

i,fe=l 

n 

i(n - 2) + |x - Cp)-"^ X ^ifc(^) ^fe 



.s,^/^) 

i,fe=l 

n 

n — 2 ^ Q I J, I o \ n-\-2 

n[n 



since Hik{x) is trace-free. Thus, we conclude that 

52 



j,fc=i 

Tl+2 



2n(n-2)£— (£2 + |xn — ^ Hpq{x) z^^^,^{x) = 

i,k=l 



Prom this the assertion follows. 
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Proposition 22. The second order partial derivatives of the function F{^, e) 
are given by 



92 



-F(0,s) 



= ^(^ + 2Kn + 4) '^""'1 ^ + ^^'^^^ + ^''^^^ 

i,k,l=l 

2(n - 8) J io ^ 



n(n + 2)(n + 4) 
4 n + 7 

Proof. Using the identity 



i,j,k,l=l 

fOO 

Jo 



Y^Hpi{x)H,i{x) 

dBr{0) i^-^ 

„ n 

/ ^ipW Xj Xk Xm (1 - \x\'^f 



n{n + 2) 



n-li 



X] W^ipW W^j^mi 5km + (^ife (^jm + ^im Sjk) r"'~^^ (1 - r^)^ 
i,j,fc,i,m=l 

1 " 

-— — - I ^ (Wipfe, + Wiikp) {Wigki + Wiikg) (1 - r^f, 



we obtain 



» n 
/ + ^ H^i{x)H,i{x) 

1 " 



2 ^n+3 _ 2 j,«+5 g.6 
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Similarly, it follows from Proposition [T7] that 
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~ n 



Xf] 



i,k,l=l 



i,k,l=l 



n{n + 2) 



3 2 (n + 8) ^4 ^„+5 ^ n + 16 ^„+7" 



n + 4 n + 4 

re + 10 



dr 



i,j,k,l=l 



n + 4 



^6 ^n+7 



dr. 



Moreover, we have 



•^IK" i,k,l=l 
1 " 



i,j,k,l=l 



(1+r 



2\l-n 



£2 _ ^("- + ^) ^4 , ^ + ^ ^6 

n+2 n+2 



dr. 



by Corollary [THJ Using Proposition [21] and the identity 



/°°(l+^2xl-n^n+l^^^ 2(n 1) r M ^ ^2yn 

/o n + 2 Jo 
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we obtain 



-F(0,e) 
4(n-2)2 



n{n + 2){n + 4) 

(1 + r^)-" [. 



i,k,l=l 



2^,-n l^4^n+5 







/• 9\2 



2_(n + 6)^4^„+5_n + 10 
n + 4 n + 4 



^6 j,n+7 



2(^ + 4) ^4^n+3 



n + 2 n + 2 

Hence, the assertion follows from the identities 



dr. 



/ (1 + r 

f 

Jo 



2\-n n+7 



n + 6 



n 



(1 + r 



r""^^ dr 



poo 

/ (l + r2)i-"r"+5dr 
JO 



2(n - 1) 

n + 4 
2(ra- 1) 



n 



/•oo 

roo 

/ (1 +r2)-"r"+5(ir 

/■CO 

/ (l+r2)-"r"+5dr. 
JO 



Corollary 23. Assume that n > 52 and > is defined by T/ien i/ie 
function F{^,e) has a strict local minimum at the point (0,e*). 

Proof. It follows from Corollary 1201 that (0, e^,) is a critical point of the 
function F(^,e). Moreover, we have ^-F(0,e*) > 0. Since n > 52, we have 

6 / 8(n + 8)(n^ 

n + 4 y (n + 4)(n-10)' 

This implies 

3(n + 6) / 8(n + 8)(n^ Y^2^ 2(n-8) 

n + 4 ^^^l^-^ + y^ (n + 4)(n-10)y * n + 4 ' 

Thus, we conclude that 

n + 7 2 , 3(n + 6) 2 
n - 8 * 2(n - 8) * 
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Hence, it follows from Proposition [22] that the matrix q^^o^ F{0,e*) is pos- 
itive definite. This proves the assertion. 

5. Proof of the main theorem 

Proposition 24. Assume that n > 52. Moreover, let g be a smooth metric 
on M" of the form g{x) = exp(/i(x)), where h{x) is a trace-free symmetric 
two-tensor on M" such that \h{x)\ + |5/i(x)| + \d'^h{x)\ < a < qi for all 
X G M", h{x) = for \x\ > 1, and hik{x) = ^ (A^ — for \x\ < p. 

As above, we assume that A < p < 1 and fi < 1. If a and p^'^'^ fi^^ X^^^^ 
are sufficiently small, then there exists a positive function v such that 

n — 2 „ , , n + 2 

- 77 TT -Ro ^ + - 2) = 0, 

4(n — 1) 



>4n(n — 1) 

2 — n 

and sup|2,|<;^ f (x) > cA~2~. Here, c is a positive constant that depends only 



on n. 

Proof. By Corollary 1231 the function F(^,e) has a strict local minimum 
at (0, Hence, we can find an open set Jl' C 17 such that (0,e*) G O' and 

F(0,e*)< inf F(^,e)<0. 
Using Corollary 1 14t we obtain 

< CA^//^ +CAV (-) +'^(~) 
for all {(,,£) G il. This implies 

< C X— p— + C p— p-^ X— + C p^" p-^ A"-^° 
for all e) G $7. Hence, if /)^^'" /x^^ A"^"'^'^ is sufficiently small, then we have 
J^„(0,Ae*)< inf FJXi.Xe) <Q. 

Consequently, there exists a point e) G $7' such that 



jr Ae) = inf TJX^, Xe) < 0. 
(C,£)en' 



By Proposition [6l the function v = v^^^^ ^^-^ is a non-negative weak solution 
of the partial differential equation 

n — 2 _ , n + 2 

4(n 



^o"" - T7 TV RgV + n(n -2)v "-2 = 0. 

4(n — 1) 
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Using a result of N. Trudinger, we conclude that v is smooth (see pOj . 
Theorem 3 on p. 271). Moreover, we have 

2(n - 2) / v^^= 2{n - 2) ( j^^^) ^ + J^giK, Ae) 



< 2(n - 2) 



4n(n — 1) 



Finally, it follows from Proposition [5] that ||f — H^^n^^^ ^ < Ca. This 

implies 

n — 2 

|-Ba(0)|~2^^ sup > [It'll 2n >l|wa^\?^ll 2n — C a. 



|x|<A 



Hence, if a is sufficiently small, then we obtain A 2 sup|2.|<;A f (x) > c. 

Proposition 25. Lei n > 52. T/ien t/iere exists a smooth metric g on 
with the following properties: 

(i) 9ik{x) = 5ik for \x\ > \ 

(ii) g is not conformally fiat 

(iii) There exists a sequence of non-negative smooth functions Vu (u ^'H) 
such that 

n — 2 "+2 
" 4(n - 1) 
for all 1/ e N, 

y(5") 



2n 



.4n(n — 1) - 

for all G N, anrf sup|^|<]^ Vu{x) — > cxo as v ^ 00. 

Proof. Choose a smooth cutoff function 77 : M ^ M such that rj{t) = 1 for 
t < 1 and rj{t) = for t > 2. We define a trace-free symmetric two-tensor 
on by 

00 

h^k{x)= vm^\x-yN\)2-^ {2-^ -\x-yN\^)Hik{x-yN), 

N=No 

where yjM = (■^, 0, . . . , 0) G M". It is straightforward to verify that h{x) is 
smooth. 

Let a be the constant appearing in Proposition [2^ If A'^o is sufficiently 
large, then we have \h{x)\ + \dh{x)\ + \d'^ h{x)\ < a for all x G M" and /i(x) = 
for |x| > ^. Moreover, we have hik{x) = 2^^ (2^^ — \x — yArp) Hik{x — y^) 
provided that N > Nq and \x — yN\ < Hence, we can apply Proposition 
[23]with A = 2~^/^, fj, = 2~^ , and p = From this the assertion follows. 
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Appendix A. An asymptotic expansion for the scalar curvature 

Suppose that h{x) is a trace-free symmetric two-tensor defined on sat- 
isfying |/i(x)| < 1 for all X € R". We define a Riemannian metric g on R" 
by g(x) = exp(/i(x)). In this section, we derive an approximate formula for 
the scalar curvature of this metric. A similar formula is derived in [2]. 



Proposition 26. Let Rg be the scalar curvature of g. There exists a con- 
stant C, depending only on n, such that 



Rg - didkhik + di{hii dkhki) 



^ dihu dkhki + ^ dihik dihk 



<C\h\^\d'^h\ + C\h\\dh\^. 
Proof. The Riemann curvature tensor is defined as 



Cji jk 



d-pm I -p/ -pm -pZ pm 
jl ik -|- i ,1. i n — i ,1, i Ai 



ik ' jk il 

Hence, the scalar curvature of g is given by 



ik jl ■ 



R„ 



g^^ {diT^jk ~ djTlk + Tjk ^li — T*;). 



Since h is trace-free, we have det g{x) = 1 for all x € 

pi 1 „il 



ik 



2 5*' dkgu = ^dk log det g = 0. Therefore, we obtain 



This implies 



R„ 



Note that 



From this it follows that 



— y t/jijfc 9 ''ik'-ji 
= W'T],)+g^''rlTii. 

g^^r], = g^'g^^dkg,i. 



diia^'' Tj-fc) - didkhik + ^ di{hii dkhki) + ^ di{hki dkKi) 



<C\h\^ \d^h\ + C\h\ \dh\\ 



hence 



diig^'' ^k) - didkhik + di{hii dkhki) - ^ dihu dkhki + ^ dihki dkKi 



-J* 

|2 |q2. 



<C\h\'' \d'^h\ + C\h\ 
Moreover, we have 



g^'' r[k r)i + \ dihik dihik - I dihki dkKi 



Putting these facts together, we obtain 



<C\h\ \dh\'^. 



1 



Rg — didkhik + di{hu dkhki) - - dihu dkhki + - diKk diKk 

< C \h\^ \d\\ + C \h\\dh\\ 
This completes the proof. 
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Appendix B. Some useful identities 

Proposition 27. Suppose that a and (3 are real numbers satisfying 2a — 2 > 
/? + 1 > 0. Then 

Jo ^Oi ~ H ~ Jo 

and 

Jo 2a - (i - 3 Jo 

Proof. Using the fundamental theorem of calculus, we obtain 

roo J 

0= / ^[(l + r2)i-"r^+i]dr 
Jo 

roo roo 

= {(3 + 1) (1 + r'^f-'^ dr - {2a -2) (1 + r^)"" r^+'^ dr. 
Jo Jo 

Prom this the assertion follows. 



Proposition 28. Suppose that p{x) is a homogenous polynomial of degree 
d. Then 

L.<o,'""'=<i(»+rf-2)L„„,^*)- 

Proof. Using the divergence theorem, we obtain 

/ /\p{x) = {n + d-2) / /\p{x) 

JdBi{0) JBi{0) 

n 

= {n + d-2) yZ^k dkp{x) 

JdBiiO) ^ 

= d{n + d-2) / p{x). 

JdBi{0) 

Corollary 29. We have 

1 



9Bi(0) 



X{ Xj — \S I Sij , 



n 



I Xi Xj Xk xi = — — — — ^1 {5ij Ski + Sik 6ji + dii djk), 
JdBUo) n{n + 2) 
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and 



9Si(0) 



Xi Xj X]^ Xi Xp Xq 



n(n + 2)(n + 4) 



IS"" I {5ij Ski Spq + 5ij Skp Slg + dij 6kq Sip 

+ ^ik ^jl ^pq + ^ik Sjp ^Iq + ^ik ^jq ^Ip 
+ Sil Sjk Spq + Sil Sjp Skq + Sil Sjq Skp 
+ ^ip Sjk ^Iq + Sip Sjl Skq + Sip Sjq Ski 
+ Siq Sjk Sip + Siq Sji Skp + Siq Sjp Ski)- 
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